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Abstract.

Many commercial programs exist for finite element analysis, however these are usially quite
specialised and hence complicated to use by the uninitiated. On the other hand, some of the
programs are extremely user-friendly, to the extent that it is possible for students to obtain the
solutions without fully understanding the related theories.

The teaching strategy used is aimed at the group of students who either have not acquired
sufficient foundation in programming, or seem reluctant to learn it in this context. Briefly, the
strategy involves the matrix manipulation capability of a spreadsheet program such as
Microsoft EXCEL.

EXCEL software is chosen as a computer package that offers a middle ground between
programming and using packaged FEA software. EXCEL provides an ideal platform to
provide a visualisation of the numerical calculations and data processing, to explain the
agorithm of assembly of aglobal stiffness matrix, the implementation of boundary
conditions, the solution process, and the influence of mesh pattern on solution convergence.
The students are taught the basic principles and conceptual issues of finite element analysis
while requiring minimum programming skills. The students must acquire a complete insight
of the mathematical context, to be able to develop their own spreadsheet successfully.

Introduction.

The objective of this paper isto report on a teaching strategy that has been adopted for
teaching final (4”‘) year undergraduates in a Mechanical Engineering degree program.

Finite Element Analysis (FEA) has long been part of this program, but the change in the
scholarship and expectation of the students, and the rise in quality and ease of use of
commercial FEA software, have meant that in order for the education process to continue to
provide valuable instruction, the method of teaching has had to change.

Many commercia programs for finite element analysis are readily available, however these
are usually quite specialised and hence complicated to use by the uninitiated. On the other
hand some of these programs are extremely user-friendly, to the extent that it is possible for
students to obtain the solutions without fully understanding any of the related theories.

The teaching strategy used is aimed at the group of students who either have not acquired
sufficient foundation in programming, or seem reluctant to learn it in this context.
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Briefly, the strategy involves the matrix manipulation capability of the Microsoft EXCEL (or
similar) spreadsheet. The Microsoft EXCEL spreadsheet program is readily available to
amost all students, and it is a computer package that offers a middlie ground between
programming and using specialised FEA software. EXCEL provides an ideal platform to
provide avisualisation of the numerical calculations and data processing, the algorithm of
assembly of a global stiffness matrix, the implementation of boundary condition, the solution
process, and the influence of mesh pattern on solution convergence. The students are taught
these basic principles and conceptual issues of finite element analysis while requiring
minimum programming skills. The students must however, acquire a full insight of the
mathematical context to be able to develop their own spreadsheet successfully.

The spreadsheet approach allows the students to focus on thinking and comprehension of the
subject matter at hand rather than on the need for programming. However, this approach
limits the students to solving simple problems. A generalpurpose commercia finite element

method software is introduced later to further demonstrate the applications of finite element
analysis to more complicated problems.

This teaching strategy was first introduced in 2004 and received encouraging response from
the students, especially those who were weak in writing computer programs. It was decided to
continue this teaching strategy for the second time this year.

Background.

The objective of this section is to outline the mathematical relationships involved in the static
analysis of a plane structures using the finite element method 2.

The Finite Element Method (FEM) isa numerical method that involves basic matrix algebra,
as the governing equations of equilibrium are normally established in a matrix form. Often
simple structural problems are used to introduce this numerical method, and their solution
usually requires difficult numerical manipulation, which is a laborious, and error prone task.
EXCEL provides avery good platform to take over the ‘ number crunching’ process and the
students are free to focus on the understanding of the basic algorithm of the numerical
method.

A brief review of the finite e ement method.

This section presents the essential mathematical relationships that are required for the
illustrative example described in a later section.

The fundamental assumption adopted in the finite element method is that the structure can be
represented by the assembly of afinite number of elements, these elements being
interconnected so as to represent the actual structure. The boundary conditions are
compatible at the nodal points where the elements are joined. The element forces { F} are
related to the corresponding displacements { u} « by the matrix equation

{Fle = [Kl{u} e, (L0O)
where [K]e is generaly referred to as the element stiffness matrix. For each element in the
structure, the element stiffness matrix is calculated using equation (1.0).

In order to determine the stiffness matrix of the complete structure, a common datum must be
established for all unassembled element stiffness matrices so that all the forces and their
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corresponding displacements will be related using a common coordinate system usually called
the globa coordinate system.

Equation (1.0) is written in terms of alocal coordinate system, and this equation can be
rewritten in terms of the overall, globa datum coordinate system, as:

{Flg=[Kl{u} o (20)
where: {F}g=[T]{F}e [Klg= [T]"[Kl¢[T] and {u}g=[T]{u}e. [T] isthe transformation
matrix relating the local and global coordinate systems.

The stiffness matrix for the complete structure as a free body is obtained by assembling al the
global element stiffness matrices, computed using equation (2.0), to form a single matrix. In
order to determine the nodal displacement due to an externally applied force, this matrix must
be modified to reflect the homogeneous boundary conditions. Thisis accomplished by
deleting corresponding rows and columns from the complete stiffness matrix. Only then isit
possible to obtain the solution for displacements from {u}, = [K];*{F}r, where the subscript r

is used to indicate that all matrices have been reduced in size to exclude forces and
displacements at the selected points.

Comments on the capability of some of the built in commands from EXCEL

The EXCEL spreadsheet is a very popular accounting software that is designed to do
dtatistical calculations, database operations and sort lists of information. It has sufficient
engineering functions and formulae to be very useful for engineers and scientists to perform
engineering calculations!™.

In the case of implementing the finite element method, EXCEL has the following built-in
functions that are very useful.

1. Trigonometric functions:
radians(angle): converting angles in degrees to radians,
cos(number) and sin(number): computing the cosine and sine of an angle.

2. Array formulae : athough the matrix algebra operations available in EXCEL are
limited, there are enough array formulae to perform the necessary matrix
manipulations. The array formulae used are;

- MINVERSE(array): Thisformula calculates the inverse of a matrix stored in
array and displays the inverse in the highlighted range of cells.
MM UL T(array): This returns the matrix product of two arrays,
TRANSPOSHarray): This returns the transpose of a matrix,

It is important to note that when using the array formulae one has to know the size of the
matrix that the result will produce. EXCEL handles array formulae differently to normal
formulae. An array formula must be entered in a specia way: select the cell or cells that will
contain the formula, create the formula, and then press CTRL+SHIFT+ENTER to enter the
formula.
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[lustrative example

Referring to an example that is used in the authors' teaching will best illustrate the application
of EXCEL to assigt the teaching of the finite element method.

Figure 1 shows a plane truss
structure with a spring and a
concentrated load acting on
nodel.

Global coordinate
system

The structure can be represented by two tensile elements and a spring element. The
orientation of the global xy coordinate system is as indicated, and the global element
stiffness for each element can be calculated from the expression [T]"[K][T], where [T] is the
transformation matrix and [K]e is the element stiffness matrix established with respect to the
local coordinate system.

écosq dnq 0 0u
é 4 ua
~ 9n Cos 0 0 ~
The transformation matrix [T] = € a a Cou
e 0 0 cosg dnqu
é . q
a0 0 -dnq cosq(

This matrix isimplemented in EXCEL with the built in trigonometric formulage, cos(number)
and sin(number), where “number” is the input value for angle in radians.

The element stiffness matrices for the tensile element and the spring element both have the

ék 0 -k Og

é G

~0 0 O O

same format; [k]le= € u
e format: [K]e g—k 0 K ot
&0 0 oo

For a spring element k is the spring stiffness, for a tensile element the stiffness k is calculated

from the cross section area, eastic modulus and length in % .
Since the expression [T] ' [K]e[T] is constantly referred to each time there is aneed to calculate
the global element stiffness matrix, a separate EXCEL worksheet is setup for the purpose of

performing the necessary matrix algebra (refer to Figure 2). The required input data is passed
into this work sheet and is linked to the active worksheet.
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EdMicrosolt Brcel - solution for Q1 of assignment 2.:0s

_|..'ﬂ Flz= Eck Uiew [rgert Fomat Teols Dats Wircow Help acchet

D@ HS S B@l o- @E A& @I o slar ulEs:
A B | [ 1] = E (& H |
1A plate to compute the glnbal sl t stiffness matrix_of a tensile sl t in any nrientati
2 origntation in degres = 160 Cross sectional arsa= |  S.00E-04
3| corwed to radisns = ERFRECE |¥oung's madulus = 2A0E+11
4 |cosing = -1 Elemant langth = 10
5 sine= 1.23E- 16 Constart = (AEL) 10500000
|6 F la for ile el in arbitrang orentation = Tiranspose) T
7 (1] Transformation matrix: T-mafrix =
A | cosine sina 0 o -1 0 u]
g -zing cozing i} o i} -1 i} u]
i 0 i cosing sine 1] o 1 1]
11 [A] I -5iNE Cosing i} i} i} -1
12 @) T-mauix Transpose =
| 23] cosine -gife i ] 1 o o 1]
14 =ine cosing i} o i} -1 i} [u]
15 a 1] coging -gine 1} i} -1 8]
18 4] 1] sinEe cosine 0 i} -1
17 Element stiffivess matilx based on the local coordinate system =
| 16| (AEL) 1] -[AEM] 1] 10A00000 1] -1050000 1]
19 n] i a 0 a a a o
a0 -REL 1] [AE/L) 1] -10500000 1] 10500000 1]
b 1] 1] 1] i 1] i 0 1]
|32 The following two steps perarm the riple matris multiplications.
23 Step 1 Matrix mult (TironsposepH = Step 2: matix mull [{previous ansesr] 1) =
24 10500000 i 10500000 i 000 0 -105000 0 O
25 a i 1] o Sl
| 26 | 10500000 il -A0R00000 i ACEHQIID
P o] i a i 0
Global element stiffness matrix |

Figure 2 shows the template for calculating the globa element stiffness
meatrix [K] g of atensile element according to the equation [K]y = [T] TIKIe[TI,
where [K]e isthelocal element stiffness matrix and [T] isthe transformation
matrixX.

The following results are obtained from the template as shown in Figure 2.

The global element stiffness matrix for first tensile element is calculated based on the
following data
- Element orientation taken anticlockwise with respect to the
horizontal axis = 135°
Cross sectional area= 0.0005 n?
Element length=5m
Y oung's modulus = 210 GPa.

10500000 |-10500000)-10500000) 10500000
-10500000) 10500000 | 10500000 {-10500000 (3.0
-10500000( 10500000 | 10500000 {-10500000
10500000 (-10500000(-10500000) 10500000

The globa element stiffness matrix for second tensile element is calculated based on the
following data,
- Element orientation taken anticlockwise with respect to the
horizontal axis = 180°
Cross sectional area= 0.0005 nf
Element length =10 m
Young's modulus = 210 GPa
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10500000
a
-10500000
a

-10500000
]
10500000
0

(4.0)

[l e e o |
[ I o e Y e |

The global element stiffness matrix for the spring element is cdculated based on the
following data,

Element orientation taken anticlockwise with respect to the

horizontal axis= 90°

Spring stiffness = 2x10° N/m.

0 0 0 0

i 2000000 i -2000000

0 0 0 0 (5.0)
0 -2000000 0 2000000

Assembly of global stiffness matrix.

One of the difficult concepts experienced by the students is the assembly of the global
stiffness matrix from the global element stiffness matrices. This feature can be best explained
by using different colours to illustrate the corresponding locations of the various termsin the
eement and global stiffness matrices.

For example the globa element stiffness of the second tensile element is shown below, and
the associated nodal degrees of freedom, ul, v1, u2 and v2, are aso included.

10500000 0 -10500000 0 ul

0 0 0 0 vl (6.0)
-10500000 0 10500000 0 uz

0 0 0 0 v2

The terms in the matrix have been partitioned and coloured to indicate their association with
the respective noda degree of freedom. The matrix can be expanded to indicate the
corresponding locations in the global stiffness matrix.

10500000 a 10500000 a ul
0 a a a |
u?
w2 (7.0
-10500000 1] 10500000 1] ui
0 1] 1] 1] w3
ud
v

where ul,vl,...,u4,v4 are the global noda degrees of freedom.

This treatment is repeated for the remaining elements, and the globa stiffness matrix is
obtained by summing all three expanded global element stiffness matrices.
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21000000 |-10500000 | -10500000 | 10500000 |-10500000 a a a ul
10500000 | 12500000 | 10500000 |-10500000 ] a a -zooooon| vl
-10500000 | 10500000 | 10500000 |-10500000 0 a a a uz
10500000 | -10500000 | -1 0500000 | 10500000 ] a a a w7
-10500000 1] 0 1] 10500000 1] 1] 1] ul
a 1] 0 a 0 a a a v3
1] 1] 0 1] 0 1] 1] 1] ud
a -2000000 0 a 0 a a 2000000 | w4

(8.0)

The geometric boundary conditions of the structure shown in Figure 1 dictate that all the
degrees of freedom at nodes 2, 3 and 4 have zero value, i.e. u2=v2=u3=v3=u4d=v4=0.
Implementation of these boundary conditions is achieved by simply deleting rows 3 to 8 and

their corregponding columns, thus reducing the 8x8 global stiffness matrix to a 2x2 matrix.

To implement these conditions in EXCEL is extremely easy. It is best that the whole global
stiffness matrix is copied onto a new worksheet, then the following operations can be

performed without interfering with the active worksheet. To delete a column in a worksheet
simply click on the respective column letter and then click on the delete command in the Edit
menu, refer to Figure 3. This operation causes the matrix to automatically reduce in size.

To delete a row, these operations are repeated by clicking on the appropriate row number and
then selecting the delete command in the Edit menu. The reduced global stiffhess matrix can

then be copied and pasted back to the active worksheet to continue with the calculation.

@E\Ie Edit Yiew Insert Format Tools Data Window Help Acrobat

|0 @ undoBoid  ctbZ L@ E A )|l @) 2 e o -B 7 o|E=E=8% %,
L[] Repeat Font Chrl+Y ‘ D | E G | H | ] | 1 | K | L |

1 8o Chrl+i ul vl u2 vZ2 u3 v3 ud v

2 copy e 21000000 | -10500000 || -48500000 | 10500000 | -10500000 0 i i ut

3 10500000 | 12500000 | 10500000 | 10500000 i [ i 2000000 vi
= [ Pasts Chrl+y

4 Pacte el 10500000 | 10500000 | 10500000 | 10500000 i [ i i u2

5 e m 10500000 | 10500000 |-1500000 | 10500000 i [ i i v2

6 Fasieies Hyperint 10500000 0 0 i 10500000 | 0.00E+00 0 0 ul

7 Fil b 0 0 0 0 0 0 0 0 v3

8 c-l , 0 0 0 0 0 0 0 0 ud

9 e 0 2000000 0 0 0 0 0 2000000 v
T Delete

11 Delete Sheet

12 Move or Copy Sheet...

13
] & Fird.... Chrl+F

15 Replace. .. Ctrl+H

16 Go Ta... Ctrl+G

Figure 3 shows the operations for the automatic reduction of the number of columns of
the matrix.

Sormat Tools Data Window Help  Acrobat

Figure 4. Following the process shown in B o- &= A8 B2 we

the previous figure, the 8x8 global stiffness c | 0 | £ | F |

matrix is reduced to a 2x2 matrix after ul vl

deleting appropriate rows and columns 21000000 | 10500000 | wi

corresponding to the homogeneous ~10500000 | 12500000 | w1

boundary conditions. Figure 4. Reduced global stiffness
matrix.
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After implementing the boundary conditions, the resulting force-displacement relationship
can be written as,

21'10° - 10.5" 10°0] uljj

a é
= & 9.0
Wb & 105710° 1257 10° v (0

or {F}r = [K]{u} (10.0)

The unknown displacements at node 1, { u}, can be calculated by inverting [K]; and then
determining the matrix product of [k];* and {F};.

J File Edit Wew Insert Format Tools Data ‘Window

Inversion of the reduced global stiffness IDedl &g bR o-&= &8
matrix [K]r using EXCEL is shown in s [~| X o =] =mminverse(B2:C3)
Figure 5. Since the inverted matrix is of 1 A L8 [ ¢ | ¢
size 2x2, four cells must be highlighted [ 2 [Reduced glabal SN
before creating the array formula, and then | 3 [stifiness matri=_ | -1.1E+07 12500000

A
Press CTRL+SHIFT+ENTER to enter the Elnvened matrix = =mminverse(B2:C3)
formula. 6 |

Figure 5: Matrix inversion.

Having determined the inverted reduced

global stiffness matrix, The unknown

displacements at node 1, {u}r, can be DeHl|E2R - &z k8
caculated by determining the matrix s | Z| X o =] =mmuit(B2:C3 B5:86)

A [ B [ ¢ [ D
product of [k],*and {F};. Figure 6 shows

. . R Inverted matrix [k] =| 8.21E-03 B.9E-08
the operations required for calculating the B.OER 1.38E7
matrix product of two matrices. The

Force vector {F}=
25000

expected outcome is a 2x1 matrix, thus two
Displacerment {u}= =mmu|t(Eﬁ:CS,BS:BB)|

cells are highlighted, the array formulais
created, and pressing
CTRL+SHIFT+ENTER completesthe
operations. Figure 6: Matrix multiplication.

EEEEEEEEE

Discussion

The illustrative example shows the application of the finite element method, using an EXCEL
spreadsheet approach, to calculate the deformation of a plane truss structure subjected to a
concentrated load, (see Figure 1). The solution algorithm of this numerical method is easily
performed and explained to the students using the spreadsheet software, in particular the
matrix algebra. The spreadsheet approach enables the students to spend their time working
directly with the numerica problem rather than on constructing a computer program. |n other
words, the use of spreadsheet programs can provide the student with additiona insight into
the principles involved in the finite element method, without getting bogged down with the
programming aspects of the problem solution.

Most students are familiar with EXCEL and have used this software for data management and
result presentation for laboratory reports in other subjects. For some students the matrix
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algebra capability is new to them, however, it does not take them long to grasp and use these
array formulae.

Having established the solution spreadshest, it is then possible to use this spreadsheet to
explore other issues such as the effect of different load systems acting on the planetruss
structure. Thisis done simply by replacing the reduced force vector, equation (10.0), with a
new set of values, and EXCEL recalculates the nodal displacements automatically.

Another advantage of using the spreadsheet approach is the ease of studying the effect of
modeling a structure using different size elements, i.e. the effect of different mesh density.
Another example using beam elementsis used to introduce this concept. The need for uneven
mesh density arises when there is a stress concentration present in the structure. Previoudly it
was difficult to deal with this topic in the class due to the large number of numerical
calculations. However, with this spreadsheet approach it is relatively easy to illustrate to the
students the calculation of the element stiffhess matrices, the assembly of the global stiffness
matrix, the implementation of the boundary conditions, and the solution for the unknown
nodal displacements.

Conclusion

This spreadsheet approach to introduce the solution algorithm of the finite element method is
well received by students. The general comments are
- This approach takes away the large amount of number crunching task, that is usualy
tedious and error prone.
A “program” can be set up using the spreadsheet software, whichhelps the students to
gain a better understanding of this numerical method.
When using a commercial finite element program, one does not get the same learning
experience regarding the solution algorithm. Some commercia FEA software makes
it all seemtoo easy.
The colour feature in EXCEL makes it easy to present and highlight certain important
matters.
The spreadsheet has introduced visualisation to the solution algorithm which is
otherwise difficult to attain in the traditiona pen and paper approach.
More capable students have taken the initiative to introduce macro- programming to
replace some of the repetitive cut and-paste operations.
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